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Abstract 
A consideration f odd and even terms of hypergeometric series of higher order leads to new summation formulae with 
arguments 1 and -1. 
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1. Introduction 
The generalised hypergeometric function 
pFq(al . . . .  , ap; bl ,  . . . ,  bq; x) = pFq((ap); (bq); x) 
= ~ [(a~, k)...  (ap, k)xk]/[(bl, k)... (bq, k)k[], (1.1) 
where (a, k)= F(a + k)/F(a) is the Pochhammer symbol and occurs in many theoretical and 
practical applications, uch as mathematics, theoretical physics, engineering and statistics. See 
Slater [2] or Exton [1], for example, for detailed discussions of this function, including the 
convergence of its series representation. Numerous cases are known where the function q+lFq of 
unit argument can be summed in compact form. Many of these results are given in [2, Appendix 
Ill], and it is the purpose of this study to augment this list. 
The process of resolving hypergeometric series into odd and even parts is widely used; see [3], for 
example, and the results obtained here depend largely upon this technique. Values of parameters 
leading to results which do not make sense are tacitly excluded, and indices of summation are taken 
to run over all of the non-negative integers. 
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Certain cases of the function q + 1Fq are also known of its summabil i ty with argument - 1. These 
can be utilised to obtain the required summation formulae as indicated below. Consider the sum 
q+ lFq(aa, ... ,aq+ l; b~, ... ,bq; 1) + q+ lFq(a~, ... ,aq+l ;b l ,  ... ,bq; - 1). (1.2) 
It is clear that the odd terms of this expression cancel so that only the even terms survive, and (1.2) 
can be written in the form 
2 ~ (al, 2k). . .  (aq+ 1, 2k) / [ (b l ,  2k).. .  (bq, 2k)(Zk)!]. (1.3) 
This last expression is a hypergeometric function of order 2q + 2, and we have 
q+ lFq(al ,  ... ,aq+ l; b l ,  ... ,bq; 1) + q+ lFq(ax, ... ,aq+l; bl, . . .  ,bq; - 1) 
= 22q+ 2Fzq+ x(aa/2, ax/2  + 1/2, . . . ,  aq+ 1/2aq+ 1/2 + 1/2; b l /2 ,  b l /2  
+ 1/2, . . . ,  bq/2, bq/2 + 1/2, 1/2; 1). (1.4) 
Similarly, by considering the surviving odd terms, we have the result 
q+ lFq(al ,  ... ,aa+l;  bl, . . .  ,bq; 1) - q+ lFq(al ,  ... ,aq+ l; b l ,  ... ,bq; - 1) 
= 2ala2, ... ,aq+l / [b~b2,  ... ,bq]q+lFq(aa/2 + 1/2, a~/2 + 1, ... , aq+l /2  + 1/2, aq+1/2 
+ 1; b l /2  + 1/2, b l /2  + 1, ... ,bq/2 + 1/2, bq/2 + 1, 3/2; 1). (1.5) 
The following summation formulae will be required in the subsequent working out: 
2F~(a, b; c; 1) = r(c)r(c - a - b ) / [F (c  - a )F (c  - b)], (1.6) 
2Fl(a, b; 1 + a - b; - 1) = F(1 + a - b)F(1 + a/2) / [F (1  + a)r(1 + a/2 - b)], (1.7) 
3Fz (a ,b ,c ; l+a-b , l+a-c ;1 )  
= r (1  + a/2) r (1  + a - b) r (1  + a - c ) r (1  + a/2 - b - c ) / [F (1  + a)F(1 + a/2 - b) 
x F(1 + a/2 - c)F(1 + a -- b - c)], (1.8) 
3F2(a, 1 + a/2, b; a/2, 1 + a - b; - 1) = F(1/2 + a/2)F (1  + a - b ) / [F (1  + a )F (1 /2  + a/2 -- b)], 
(1.9) 
4F3(a ,  1 + a/2, b, c; a/2, 1 + a - b, 1 + a - c; 1) 
= r (1 /2  + a/2) r (1  + a - b) r (1  + a - c ) r (1 /2  + a /2  - b - c ) / [ r (1  + a) r (1 /2  + a /2  - b) 
× r(1/2 + a/2 - c)F(1 + a - b - c)], (1.10) 
and 
,Fa(a,  1 + a/2, b, c; a/2, 1 + a - b, 1 + a - c; 1) 
= F(1 + a - b)F(1 + a - c ) / [ r (1  + a)r (1  + a - b - c)]. (1.11) 
These results can be found conveniently listed in ]-2, Appendix III]. 
H. Exton /Journal of Computational and Applied Mathematics 79 (1997) 183-187 185 
2. Hypergeometr ie  summat ion  formulae 
On applying the summation formulae listed below to the more general results (1.4) and (1.5), new 
results involving hypergeometric functions of higher order can be deduced. If the two hypergeomet- 
ric functions on the left of (1.4) are suitably specialised, they can be summed by means of (1.6) and 
(1.7). That is, 
2./71 (a, b; 1 + a - b; 1) + 2F1 (a, b; 1 + a - b; 1) 
= r(1 + a - b ) r (1  - 2b) / [ r (1  - b)r(1 + a - 2b)] 
+ r(1 + a - b)r(1 + a/Z) / [ r (1  + a)r(1 + a/2 - b)]. (2.1) 
Hence, it follows that 
24F3(a/2, a/2 + 1/2, b/2, b/2 + 1/2; 1/2 + a/2 - b/2, 1 + a/2 - b/2, 1/2; 1) 
= r (1  + a - b ) r (1  - 2b) / [ r (1  - b) r (1  + a -- 2b)] 
+ 1"(1 + a - b)r(1 + a/2) / [ r (1  + a)r(1 + a/2 - b)], (2.2) 
where Re(b) < ½. 
Similarly, by utilising (1.5), it follows that 
2ab(1 + a - b)-14F3(a/2 + 1/2, a/2 + 1, b/2 + 1/2, b/2 + 1; 1 + a/2 - b/2, 3/2 
+ a/2 - b/2, 3/2; 1) 
= r(1 + a - b)r(1 - 2b)/Er(1 - b)r(1 + a - 2b)] 
+ F(1 + a -- b)F(1 + a/2) / [ r (a  + a) r (1  + a/2 - b)]. (2.3) 
These results hold provided that, for convergence, Re(b) < ½. 
When the parameters of (1.8) are specialised so as to be the same as those of (1.9), the function 
(1.8) vanishes on account of the presence of the factor F(0) in its denominator. Hence, we have the 
rather curious results 
5F4(a/2, a/2 + 1/2, a/4 + 1, b/2, b/2 + 1/2; a/4, 1/2 + a/2 - b/2, 1 + a/2 - b/2, 1/2; 1) 
= F(a/2 + 1/2)r(1 + a - b ) / [ r (1  + a) r (1 /2  + a/2 - b)] (2.4) 
and 
2(2 + a)b(1 + a - b) - lsF4(a/2 + 1/2, a/2 + 1, a/4 + 3/2, b/2 + 1/2, b/2 + 1; a/4 + 1/2, 1 
+ a/2 - b/2, 3/2 + a/2 - b/2, 3/2; 1) 
= - r la /2  + 1/2)/'(1 + a - b)/[r(1 + a)r(1/2 + a/2 - b)], (2.5) 
where Re(b) < 0. 
It might be expected that the functions concerned would be of the sixth order, but cancellation of 
parameters depresses the order to five. 
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From (1.10) and (1.11), it may be deduced that 
7F6(a/2, a/2 + 1/2, 1 + a/4, b/2, b/2 + 1/2, c/2, c/2 + 1/2; 
a/4, 1/2 + a/2 - b/2, 1 + a/2 - b/2, 1/2 + a/2 - c/2, 1 + a/2 - c/2, 1/2; 1) 
= F(1 + a - b)F(1 + a - c)/[F(1 + a)F(1 + a - b - c)] 
× {F(1/2 + a/2)F(1 /2  + a/2 - b - c ) / [ r (1 /2  + a/2 - b ) r (1 /2  + a/2 - c)] + 1} 
and 
2(2 + a)bc/[(1 + a - b)(1 + a - c)] 
F6(a/2 + 1/2, a/2 + 1, 3/4 + a/4, b/2 + 1/2,b/2 + 1, c/2 + 1/2, c/2 + 1; 
a/4 + 1/2, 1 + a/2 - b/2, 3/2 + a/2 - b/2, 1 + a/2 - c/2, 3/2 + a/2 + a/2 - c/2, 3/2; 1) 
= F(1 + a - b)F(1 + a - c)/[r(1 + a)r(1 + a - b - c)] 
× {r(1/2 + a/2)F(1/2  + a/2 - b - c ) / [ r (1 /2  + a/2 - b ) r (1 /2  + a/2 - c)] - 1}, 
where Re(a - 2b - 2c) > - 1. 
(2.6) 
(2.7) 
3. Summation formulae of general order 
Two summation formulae of general order may now be deduced by considering the relations 
(1.4) and (1.5) from the point of view of smplifying the functions on the right so that (1.6) can be 
applied. Put 
al = a, a2 = a + 2, a3 = a + 4, ... ,aq+ l = a + 2q, 
and 
b l=a+l ,  bE=a+3,  ba=a+5, . . . ,bq=a+2q-1 .  
We then see that from Section 2, 
q+lFq(a,a + 2, a + 4, ... ,a + 2q;a + 1, a + 3, a + 5, ... ,a  + 2q - 1; 1) 
+ q+iFq(a,a + 2, a + 4, ... ,a + 2q;a + 1, a + 3, a + 5, ... ,a  + 2q - 1; - 1) 
= zF~(a/2, a + q + 1/2; 1/2; 1). (3.1) 
Also, 
q+lFq(a,a + 2, a + 4, ... ,a  + 2q;a + 1, a + 3, a + 5, ... ,a  + 2q; 1) 
- q + ~Fq(a,a + 2, a + 4, ... ,a  + 2q;a + 1, a + 3, a + 5, ... ,a  + 2q- -  1; - 1) 
= 2a(a + 2)(a + 4) ... (a + 2q)/[(a + 1)(a + 3)(a + 5).. .  (a + 2q - 1)-] 
× 2F~ (a/2 + 1/2, a/2 + q + 1; 3/2; 1). (3.2) 
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The summat ion formula (1.6) can be applied to the functions on the r ight-hand side of (3.1) and 
(3.2). If this is carried out, subtracting and adding these expressions give the formulae 
q+lFq(a,a + 2, a + 4, ... ,a + 2q;a  + 1, a + 3, a + 5, ... ,a  + 2q - 1; 1) 
---- 7 r l /2F (  - -  a - q ){ [F (1 /2  - a/2) r (  - a/2 - q) ] - i  
+ 2(a/2, q)/[(a/2 + 1/2, q - 1)F(1 - a/2)F (1 /2  - a/2 - q)]} (3.3) 
and 
q+lFq(a,a + 2, a + 4, ... ,a + 2q;a  + 1, a + 3, a + 5, ... ,a + 2q - 1; - 1) 
= ~1/2r (  - a - q ){ [ r (1 /2  - a/2) r (  - a /2  - q) ] - i  
- 2(a/2, q)/[(a/2 + 1/2, q - 1)F(1 - a/2) r (1 /2  - a/2 - q)]}, 
provided that, for convergence, Re(a + q) < 0. 
(3.4) 
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